We investigate the effects of momentum, thermal, and solute slip boundary conditions on nanofluid boundary layer flow along a permeable surface. The conventional no-slip boundary conditions at the surface are replaced by slip boundary conditions. At moderate to high temperatures, the temperature-concentration dependence relation is nonlinear and the Soret effect is significant. The governing partial differential equations are solved numerically. The influence of significant parameters on the fluid properties as well as on the skin friction, local Nusselt number, local Sherwood number, and the local nanoparticle Sherwood number are determined. We show, among other results, that the existence and uniqueness of the solutions depends on the slip parameters, and that the region of existence of the dual solution increases with the slip parameters.
Introduction
Boundary layer flow over a stretching surface is important as it occurs in several engineering process, for example, materials manufactured by extrusion. During the manufacturing process, a stretching sheet interacts with the ambient fluid both thermally and mechanically. Several studies on the dynamics of boundary layer flow over a stretching surface have appeared in the literature (Crane [] ; Dutta et al. [] ). Recently an innovative technique used for improving heat transfer is to add ultra fine solid particles to a base fluid, Choi [] . Recent literature shows a significant rise in applications of nanofluids such as in microchannels (Ebrahimi et [] studied the MHD boundary layer flow of nanofluids over a nonlinear stretching sheet.
A significant number of studies have applied the no-slip boundary conditions at the wall. However, the no-slip assumption is not applicable when fluid flows in micro and nano channels and must be replaced by slip boundary conditions (Aziz [] ). Nield and Kuznetsov [] presented an analytic solution for convection flow in channel or circular ducts saturated with a rarefied gas in a slip-flow regime. The slip condition applies to corner flows and in the extrusion of polynomial melts from a capillary tube (Thompson [] showed that hydrodynamic and thermal slip occur simultaneously. The difference between the fluid velocity at the wall and the velocity of the wall itself is directly proportional to the shear stress. The proportionality constant is called the slip length (Maxwell [] ; Hak [] ).
Beavers and Joseph [] investigated fluid flow over a permeable wall with a slip boundary condition. The effects of a second order velocity-slip and temperature-jump on basic gaseous fluctuating micro-flows were analyzed by Hamdan et al. [] . The effects of partial slip on steady boundary layer stagnation-point flow of an incompressible fluid and heat transfer from a shrinking sheet was investigated by Bhattacharyya et al. [] . This was extended in Bhattacharyya et al. [] to unsteady stagnation-point flow of a Newtonian fluid and heat transfer from a stretching sheet with partial slip conditions. Niu et al. [] investigated slip flow and heat transfer in a non-Newtonian nanofluid in a microtube. Khan et al. [] analyzed the effects of hydrodynamic and thermal slip boundary conditions on double-diffusive free convective flow of a nanofluid along a semi-infinite flat solid vertical plate. Ibrahim and Shankar [] studied the effects of velocity, thermal and solutal slip condition on the MHD boundary layer flow of a nanofluid past a permeable stretching sheet. Mabood et al. [] studied the MHD slip flow over a radiation stretching sheet by using the optimal homotopy asymptotic method.
Some thermal systems such as those encountered in reactor safety, combustion and solar collectors operate at moderate to very high temperatures. In such cases, the temperatureconcentration dependence relation is nonlinear and the Soret effect is of immense important. Partha [] studied natural convection in a non-Darcy porous medium with a nonlinear temperature-concentration-dependent density relation.
In this paper, we analyze the effects of momentum, temperature and solute slip on stagnation-point flow over a permeable stretching or shrinking sheet. We transform the governing partial differential equations into similarity equations which are then solved numerically. The effects of physical parameters on the flow, heat, mass and nanoparticle concentration are determined and presented graphically. In the present paper, we mainly focus on the effect of slip parameters on the governing system along with the nonlinear thermal convection. To the best of authors knowledge such study has not been reported earlier in the literature.
Mathematical formulation
Consider steady, incompressible two dimensional boundary layer flow near the stagnation point in a permeable stretching or shrinking sheet. The x-axis is along the plate, the yaxis is measured normal to the plate. The temperature T, solute concentration S, and nanoparticle concentration C at the wall are denoted by T w , S w , and C w , respectively, and their ambient values are T ∞ , S ∞ , and C ∞ , respectively, where T w > T ∞ , S w > S ∞ , and C w > C ∞ , and hence a momentum, thermal, solute, and nanoparticle concentration boundary layer form near the wall ( Figure ) . We assume that hydrodynamic, thermal, and solute slip occur at the fluid-solid interface. Using the above assumption and the OberbeckBoussinesq approximation, the boundary layer equations are written as 
and the corresponding boundary conditions are
u and v are the velocity components along the x-and y-directions, respectively, u e (x) = ax is the ambient velocity of the fluid, a is a constant, ν, ρ f , and μ are the kinematic viscosity, density, and apparent viscosity of the base fluid, ρ P is the density of the nanoparticle, K is the permeability of the porous medium, g is the acceleration due to gravity, β  and β  are the volumetric thermal expansion coefficient, respectively, β  and β  are the volumetric solute expansion coefficient, respectively, α m is the effective thermal diffusivity, τ = 
where ψ is the stream function, which is defined in the usual way as u = ∂ψ/∂y and v = -∂ψ/∂x. Using the similarity variables, the governing equations are written as
and the boundary conditions are written as
()
In the above equations, K p = ν/aK is a parameter which is inversely proportional to the permeability
is the mixed convection parameter, Gr x is the Grashof number, Re x is the Reynolds number, Nc is the regular buoyancy parameter, λ  and λ  are the volumetric nonlinear thermal and solute constants, respectively, Nr is the buoyancy ratio parameter, Pr is the Prandtl number, Nb is the Brownian parameter, Nt is the thermophoresis parameter, Le is the Lewis number, α  is the velocity ratio or stretching ratio, α  , α  , and α  are momentum, thermal, and solute slip, respectively. These parameters are defined as
The parameters of practical interest are the skin friction, local Nusselt number Nu x , the local Sherwood number Sh x , and the local nanoparticle Sherwood number Nn x . These parameters are defined as
where
Using the above non-dimensionless and similarity transformation we get
where Re x = u e (x)x/ν is the local Reynolds number.
Results and discussion
The system of ordinary differential equations ()-() along with boundary conditions () are integrated numerically by first choosing suitable initial guess values for f (), f (), θ (), χ (), and φ () to match the boundary conditions at ∞. Matlab bvp4c solver was used to integrate the system of equations. To verify the accuracy of the numerical results, we compared our results with those reported by Noghrehabadi et al.
[] as shown in Table  . The results are in very good agreement, thus lending confidence to the accuracy of the present results.
A representative set of graphical results for the velocity, temperature, solute concentration and nanoparticle volume fraction as well as the skin friction, local Nusselt number, local Sherwood number and local nanoparticle Sherwood number is presented and discussed for different parametric values. We note that solutions of equations () and () exist for all values of α  > , while in the case of a shrinking surface (α  < ), the equations have a solution only in the range α  > α crit , where α crit is a critical value of α  . This critical value depends on other parameter values. There are no solutions real when α  < α crit . Dual solutions of the boundary layer equations appear in the range α crit < α  . As noted by 
Merkin [], Postelnicu and Pop []
, the first solution is stable and physically realizable, while the second solution is unstable. In this study our primary focus is on the dual solutions and the effects of the slip coefficients and nonlinear volumetric thermal and solute constants. The influence of the parameters Nr, Nc, λ, and K p on the velocity profiles is shown in Figure  . Dual solutions are observed in both instances. We note that the buoyancy ratio parameter has the effect of decelerating the fluid flow along the surface. This is reflected by the decrease in the fluid velocity in the vicinity of the surface. Hence the momentum boundary layer thickness decreases with an increase in Nr. The regular buoyancy ratio parameter Nc is similar to Nr and hence the momentum boundary layer thickness decreases with an increase in Nc. The parameter K p is inversely proportional to the permeability of the medium K , hence the porous medium drag increases with K and so the velocity of the fluid increases with K p . The momentum boundary layer thickness increased with an increase in the mixed convection parameter. Dual solutions were obtained for the opposing flow when λ < . Figure  shows the effect of the nanofluid Lewis number Ln, the Soret number Sr, the Lewis number Le and the Prandtl number Pr on the solute and the nanoparticle concentrations when the other parameters are fixed. The concentration boundary layer thickness decreases with an increase in the nanofluid Lewis number. This is because an increase in the nanofluid Lewis number causes a reduction in the mass diffusivity of the nanofluid The effects of the nonlinear temperature and concentration coefficient on the velocity, temperature, solute concentration and nanoparticle concentration are shown in Figure  . Dual solutions were obtained when α  = -. for all other parameter values. We observed that the effect of the convection nonlinearity (λ  and λ  ) is to reduce the thermal and solute boundary layer thicknesses. A similar observation was made by Partha [] . This may partly be due to the nonlinear term enhancing the solute and nanoparticle density gradients near the wall. A careful observation shows that the effect of λ  is more significant compared with λ  , particularly with respect to the momentum boundary layer profiles.
The slip coefficients have a significant influence on the velocity, temperature, solute, and nanoparticle concentration as clearly shown in Figure  . The velocity of the nanofluid increases with momentum slip constant α  . This is because momentum slip enhances the velocity at the fluid-solid interface. In the case of the no-slip condition, the fluid velocity adjacent to a solid surface is equal to the velocity of the stretching sheet i.e., f () = α  =  while with an increase in other slip parameters, the momentum boundary layer thickness decreases. The thermal slip coefficient mainly affects the temperature profile and reduces the temperature at the surface. With thermal slip, more heat is transferred leading to a reduction in surface temperature and this reduces the velocity of the nanofluid. As a result both solute and nanoparticle concentration thickness decreases. The solute concentration is mainly affected by the solute slip coefficient and the thickness of the solute concentration decreases with increase of the solute slip coefficient.
Figures  and  show the Nusselt number, Sherwood number, and density of the nanoparticle as a function of nonlinear thermal and solute constants for different values of K p . With an increase in the permeability parameter, the velocity of the fluid reduces, hence as K p increases, the surface temperature gradient, solute, and the nanoparticle concentration at the surface decrease which helps to reduce the local Nusselt number, local Sherwood number, and local nanoparticle Sherwood number. It evident that nonlinearity of the temperature and solute concentration both enhance the local Nusselt number and the local Sherwood number. This may be due to the fact that the nonlinearity term increases the temperature and concentration of the solute at the surface. A similar behavior is observed in the case of the nanoparticle concentration. It is interesting to note that the nonlinear curves are highly influenced by the nonlinear convection parameter as compared to the nonlinear concentration parameter. from . to .. Similarly the critical α  decreases with an increase in the solute concentration. But the critical α  is enhanced by the momentum slip coefficient. It is observed that the lower limit of the critical α  is influenced more by the momentum slip parameter than by the thermal and concentration slip since it is part of the nanofluid velocity (see Figure (a) ), which makes the system more unstable. A close observation shows that the dual solution region increases nonlinearly with increase of the momentum slip coefficient. The skin friction initially increases with momentum slip parameter but after a certain point (in this case α  = -.) it decreases nonlinearly. The local Nusselt number, local Sherwood number, and the local nanoparticle density are nonlinear increasing functions of the momentum slip parameter for the first solution while they are a decreasing function for the case of the second solution. It is interesting to note that the generation of vorticity for the shrinking velocity is reduced by an increase in the momentum slip at the surface (when α  > ). The momentum slip parameter enhances the velocity at the surface which forces the solute and particle to move away from the surface. As a result, the local Nusselt number, local Sherwood number, and local nanoparticle Sherwood number increase nonlinearly with the momentum slip parameter but decrease with increases in the solute slip coefficient. It evident that the local Nusselt number decreases with increase of the partial thermal slip coefficient and this finding is similar to earlier results by Zheng et al. [] . The nature of the second solution for the local Nusselt number, local Sherwood number, and local nanoparticle Sherwood number is quite similar and this mainly depends on the momentum slip coefficient rather than the other slip coefficient.
Conclusions
The effect of momentum, thermal, and solute slip on nonlinear convection boundary layer flow from a stretching and shrinking sheet has been investigated numerically. Analysis of stagnation-point slip flow from a shrinking sheet has shown that existence and uniqueness of the solution depends on the slip parameters, mainly the momentum slip and the velocity ratio parameter α  . Dual solutions were obtained when the velocity ratio was less than a certain critical value. The region of existence of the dual solution increases with the slip parameters. The nonlinear temperature and concentration coefficients reduce the thermal and solute boundary layer thicknesses. The thermal slip coefficient reduces the momentum and thermal boundary layer thickness. The local Nusselt number, local Sherwood number, and local density of the nanoparticles increase nonlinearly with the convection coefficient.
